Systematic Investigation of Negative Cooper-Frye Contributions in Heavy
  Ion Collisions Using Coarse-grained Molecular Dynamics by Oliinychenko, D. et al.
Systematic Investigation of Negative Cooper-Frye Contributions in Heavy Ion
Collisions Using Coarse-grained Molecular Dynamics
D. Oliinychenko,1, 2, ∗ P. Huovinen,1, 3, † and H. Petersen1, 3, ‡
1Frankfurt Institute for Advanced Studies, D-60438 Frankfurt am Main, Germany
2Bogolyubov Institute for Theoretical Physics, Kiev 03680, Ukraine
3Institut fu¨r Theoretische Physik, Goethe-Universita¨t, D-60438 Frankfurt am Main, Germany
In most heavy ion collision simulations involving relativistic hydrodynamics, the Cooper-Frye
formula is applied to transform the hydrodynamical fields to particles. In this article the so-called
negative contributions in the Cooper-Frye formula are studied using a coarse-grained transport
approach. The magnitude of negative contributions is investigated as a function of hadron mass,
collision energy in the range of Elab = 5–160A GeV, collision centrality and the energy density
transition criterion defining the hypersurface. The microscopic results are compared to negative
contributions expected from hydrodynamical treatment assuming local thermal equilibrium.
The main conclusion is that the number of actual microscopic particles flying inward is smaller
than the negative contribution one would expect in an equilibrated scenario. The largest impact
of negative contributions is found to be on the pion rapidity distribution at midrapidity in central
collisions. For this case negative contributions in equilibrium constitute 8–13% of positive contri-
butions depending on collision energy, but only 0.5–4% in cascade calculation. The dependence on
the collision energy itself is found to be non-monotonous with a maximum at 10-20A GeV.
I. INTRODUCTION
Relativistic hydrodynamics is nowadays the standard
approach for modeling ultrarelativistic heavy-ion colli-
sions at highest RHIC (Relativistic Heavy Ion Collider)
and LHC (Large Hadron Collider) energies. These dy-
namical descriptions are either based on ideal [1, 2] or
dissipative hydrodynamics [3, 4] and describe the en-
tire expansion fluid dynamically. In so called hybrid ap-
proaches [5, 6] only the early hot and dense stage of the
expansion is described using hydrodynamics and the later
dilute stage by hadron transport.
Most of these models use a conceptually similar proce-
dure: Given an initial condition, the hydrodynamic equa-
tions are solved in the whole forward light cone. Near
the boundary of vacuum and at the late times of evolu-
tion hydrodynamics is not applicable any more, when
the density is small and the mean free path is larger
than the system size. Therefore, models switch to an
off-equilibrium microscopic description in terms of par-
ticles in this region. In hybrid approaches particles can
scatter, while other models allow only free-streaming and
resonance decays. In any case, the most commonly used
way to convert the fluid-dynamical fields to particles, a
process that we call here ’particlization’, is by using the
Cooper-Frye formula.
The Cooper-Frye formula assumes particlization to
take place on infinitesimally thin three-dimensional hy-
persurface in four-dimensional space-time. This hyper-
surface Σ is usually determined a posteriori from hydro-
dynamical solution in the whole forward light cone, usu-
ally as a hypersurface of constant time, energy density,
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temperature, or Knudsen number. Particle distributions
on an infinitesimal element of hypersurface, dΣ, are cal-
culated using the following formula:
p0
d3N
d3p
= pµdσµf(p) , (1)
where f(p) is a distribution function and dσµ a normal
four-vector of hypersurface with length equal to the area
of the infinitesimal surface element. This formula was
obtained by Cooper and Frye [7] with the main feature
that it respects four-momentum conservation. Though
formula (1) is valid for any f(p), the distribution func-
tion is usually assumed to be either the boosted ther-
mal distribution f(p) = f0(p) =
[
exp
(
pµuµ−µ
T
)
± 1
]−1
(ideal fluid), or a distribution close to the boosted ther-
mal distribution f(p) = f0(p) + δf(p) (viscous fluid),
where δf(p) is the dissipative correction. Here T , µ and
uµ = γ(1,v) are temperature, chemical potential and the
flow velocity of the fluid, respectively.
There is, however, a conceptual problem with the
Cooper-Frye formula. Where the surface is space-like,
i.e., its normal vector dσµ is space-like, and p
µdσµ < 0
for some p. Thus if f(p) > 0 for all p, as is the case
for the thermal distribution, d
3N
d3p < 0 for some p. This
can be easily seen in the local rest frame of a space-like
surface (which always exists since vsurf < c for space-
like surfaces), where pµdσµ = p · n and thus d3Nd3p < 0
for momenta directed inward the surface. On the other
hand, for those time-like surfaces which normal vector
points toward the future (i.e., dσ0 > 0),
d3N
d3p > 0 for
any p. This can be also understood as follows: surface is
”escaping” faster than the speed of light, so no particle
can cross it inward. (For a summary of the properties of
time-like and space-like surfaces, see Table I).
If d
3N
d3p is interpreted as a phase-space density, negative
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2time-like surface space-like surface
time-like normal space-like normal
dσµdσµ > 0 dσ
µdσµ < 0
vsurf > c vsurf < c
∃ RF: dσµ = (±dx dy dz, 0, 0, 0) ∃ RF: dσµ = (0, 0, 0, dt dx dy)
dσ0 > 0⇒ ∀pµ: pµdσµ > 0 ∃pµ: pµdσµ < 0
dσ0 > 0⇒ ∀pµ: d3NCFd3p > 0 ∃pµ: d
3NCF
d3p
< 0
Table I. Properties of surface elements. gµν = (1,−1,−1,−1).
The normal vector is directed toward lower density. RF abbre-
viates Reference Frame, d
3NCF
d3p
denotes particle distribution
from the hypersurface element calculated using the Cooper-
Frye formula.
values of it are clearly unphysical, but instead of giving
a literal phase-space density, Cooper-Frye formula rather
counts the world lines of particles crossing the surface
element dΣ, and gives positive weight to particles mov-
ing “outward” and negative weight to particles moving
“inward”. Thus the negative values of d
3N
d3p , the so-called
negative Cooper-Frye contributions, refer to particles fly-
ing inward toward the hydrodynamical region, and which
should thus be absorbed back to the fluid.
In pure hydrodynamical models, this poses a problem:
Particlization takes place at freeze-out when rescatter-
ings cease, and particles stream free. Thus, once par-
ticles cross the particlization surface, there is nothing
from where particles could scatter back toward the sur-
face, and thus there should be no particles flying back.
To avoid this problem, one could choose a completely
time-like particlization hypersurface, for example a hy-
persurface of a constant time without any negative con-
tributions. However, it was shown [8] that particle spec-
tra obtained in such an approach are dramatically dif-
ferent from spectra on a constant temperature hypersur-
face. Another way is to consider cut-off distribution [9]:
p0 d
3N
dp3 = p
µdσµf(p)Θ(p
µdσµ). Such a prescription vio-
lates conservation laws, unless one adjusts temperature,
chemical potentials, and flow velocity in the particle dis-
tribution f(p) [10, 11].
On the other hand, there is no such a problem in hy-
brid models. Particlization takes place where rescatter-
ings are abundant, and thus it is natural to have particles
flying back to the fluid-dynamical region. The problem is
rather a practical one: What does the negative weight of
a particle mean when one samples the particle distribu-
tions at particlization surface to create an initial state for
the hadron transport? Usually one simply ignores them
(see e.g. Ref. [12]), which violates conservation laws. An
attempt to include these negative weights to the hadron
transport was recently made in Ref [13]. Alternatively, if
the transition from fluid to transport takes place in a re-
gion where hydrodynamics and transport are equivalent,
the negative Cooper-Frye contributions coincide with the
distribution of particles that backscatter to hydrodynam-
ical region. Thus all one needs to do is to remove these
particles from the cascade, but such removing is techni-
cally challenging, and the problem remains how to find
the region where hydrodynamics and transport lead to
equal solutions—assuming that such a region exists at
all! Thus the ultimate solution to the problem would be
to construct a model, solving coupled hydrodynamical
and kinetic equations with the kinetic model providing
boundary condition for hydrodynamics. An attempt in
this direction was taken by Bugaev [14–16], but these
ideas have not yet been implemented in practice.
Fortunately, at high collision energies, the explosive
expansion dynamics keeps the negative contributions on
the level of a few percent. Emission of particles from
time-like areas of surface where no negative contribu-
tions appear (so-called volume emission) is much larger
than emission from space-like areas (so-called surface
emission), and as we will discuss later, large flow veloc-
ity reduces negative contributions from space-like sur-
faces. Nevertheless, there are very few studies that ac-
tually quote the values of negative contributions, and in-
vestigations at lower collision energies are lacking com-
pletely. In this article the negative contributions arising
on the Cooper-Frye transition surface assuming distri-
bution functions in local equilibrium are compared to
the actual underlying microscopic dynamics to investi-
gate the systematic differences between a transport and
a hybrid approach.
Therefore, the aim of the current study is to compare
the expected negative contributions in a locally equili-
brated hydrodynamical approach with the actual number
of particles that scatter back through a hypersurface in
a coarse-grained microscopic transport approach. A con-
stant energy density transition surface is constructed and
negative Cooper-Frye contributions are compared to ac-
tual backscattered particles. In addition, the magnitude
of negative contributions is calculated in a systematic
way depending on hadron sort, collision energy, central-
ity, and choice of the transition surface. In Section II the
framework for the calculation is explained. Section III
shows results of tests of the numerical setup and sensi-
tivity to internal parameters of the calculation. Finally,
Section IV contains physical results: the quantification of
Cooper-Frye negative contributions and their comparison
to backscattered particles.
II. METHODOLOGY
Our calculation is based on the hadronic transport ap-
proach - Ultrarelativistic Quantum Molecular Dynamics
(UrQMD 3.3p2) [17]. The degrees of freedom in UrQMD
are hadrons, resonances up to a mass of 2.2 GeV and
strings and the implemented processes include binary
elastic and inelastic scatterings which mainly proceed via
resonance formation and decays or string excitation and
fragmentation at higher collision energies. The UrQMD
particles move along classical trajectories and scatter ac-
cording to their free-particle cross-sections. In our stud-
ies there are no long range potentials and particle trajec-
3tories between collisions are always straight lines. Using
UrQMD we simulate Au + Au collisions at laboratory
frame energies Elab = 5, 10, 20, 40, 80 and 160A GeV.
This energy region is chosen because we expect UrQMD
to provide a reasonable description of the collision dy-
namics at those energies, and the Cooper-Frye negative
contributions to become significant in this energy range.
The general procedure for our calculations is:
1. Generate many UrQMD events and coarse-grain
them using a 3+1D space-time grid.
2. Find the local energy density in the Landau rest
frame of each grid cell, LRF (t, x, y, z), and the col-
lective flow velocity in each cell, v(t, x, y, z).
3. Construct the hypersurface Σ of a constant energy
density LRF (t, x, y, z) = c.
4. Calculate the particle spectra on Σ by using the
Cooper-Frye formula and by counting the actual
UrQMD particles that cross Σ. To obtain these
spectra and to compare them to each other is the
goal of the current work.
This procedure mimics switching from hydrodynamics to
transport in a hybrid model, but here the ”hydrodynam-
ical” picture is obtained by averaging over particle distri-
butions on a space-time grid. Since all the information is
still available in the underlying microscopic approach we
are able to compare the negative Cooper-Frye contribu-
tions to the spectrum of actual backscattered particles.
In the following we explain all necessary details for each
of these steps of the calculation.
A. Calculating physical quantities on a grid
To obtain the energy density in the Landau rest frame
as a function of space-time, that is necessary to construct
the Cooper-Frye transition surface, the energy momen-
tum tensor and the net baryon current in the computa-
tional frame are calculated
Tµν(t, x, y, z) =
1
∆x∆y∆z
〈∑ pµpν
p0
〉
N
(2)
jµB(t, x, y, z) =
1
∆x∆y∆z
〈∑ pµ
p0
B
〉
N
, (3)
where the sum is over all particles in each grid cell at the
moment t, and B is the baryon number of each particle.
Angular brackets denote averages over N UrQMD events.
The cell sizes need to be small enough so that gradients of
all relevant physical quantities within the cell are small.
On the other hand, if the cell sizes are too small one
needs to generate infeasibly many events to damp statis-
tical fluctuations of Tµν components from cell to cell, and
obtain a smooth surface Σ. To satisfy these conditions
and to ensure energy conservation precisely we choose
∆x = ∆y = 1 fm, ∆z = 0.3 fm and time step ∆t = 0.1
fm. For the highest collision energy, Elab = 160A GeV,
the gradients are larger, so even smaller grid sizes were
taken: ∆x = ∆y = 0.3 fm and ∆z = 0.1 fm. This choice
is further discussed in the Section III, where the sensi-
tivity of results to the grid size is studied. Since even
N = 10 000 events do not provide enough statistics to
obtain a smooth hypersurface, and increase of N is not
feasible due to limited storage capacities, the individual
particles are smeared by marker particles distributed ac-
cording to a Gaussian distribution.
Every UrQMD particle with coordinates (tp, xp, yp, zp)
and four-momentum pµ is substituted by Nsplit parti-
cles with coordinates distributed with probability den-
sity f(x, y, z) ∼ exp
(
− (x−xp)22σ2 − (y−yp)
2
2σ2 − γ2z (z−zp)
2
2σ2
)
,
where γz = (1 − pz/p0)−1/2. These marker particles are
attributed the 4-momentum and quantum numbers of
the original particle divided by Nsplit. In our calcula-
tion Nsplit = 300 and σ = 1 fm. The sensitivity of our
results to the width of the Gaussian is discussed in Sec-
tion III. When this Gaussian smearing is applied, stable
results are obtained with only N = 1500 events, which
we employ for our calculations.
B. The hypersurface construction
After obtaining Tµν in the computational frame, it
has to be transformed to the Landau rest frame (LRF)
in each cell. By definition, T 0iLRF = 0, i.e., the energy
flow in the LRF is zero. To find the LRF we solve
the generalized eigenvalue problem (Tµν − λgµν)hν = 0.
The eigenvector corresponding to the largest eigenvalue
is proportional to the 4-velocity of the LRF and the
proportionality constant is fixed by the constraint that√
uµuµ = 1. After finding T
µν
LRF the hypersurface of con-
stant Landau rest frame energy density is constructed
where T 00LRF ≡ LRF (t, x, y, z) = c, with c a parame-
ter that characterizes the hypersurface. In such a way
we mimic the transition surface in hybrid models, which
typically use c = 0.3–1 GeV/fm
3 [12]. The isosurface
is constructed using the Cornelius subroutine [12], that
provides a continuous surface without holes and avoids
double counting of hypersurface pieces. The subroutine
provides the normal four-vectors dσµ of the hypersurface.
The physical quantities on the grid, i.e., the energy, net
baryon density and the flow velocity, are linearly inter-
polated to the geometrical centers of the hypersurface
elements.
C. Thermodynamic quantities
To apply the Cooper-Frye formula one needs the tem-
perature T and chemical potentials on the surface, which
do not exist in the microscopic picture. Strictly speak-
ing they make sense only in the vicinity of thermal and
chemical equilibrium, which may not be the case in our
4UrQMD simulation. Nevertheless, we take the LRF en-
ergy density and net baryon density to mean equilibrium
densities—as is the case when deviations from equilib-
rium are small—and obtain temperature and chemical
potentials from an ideal hadron resonance gas (HRG)
equation of state (EoS) containing the same hadrons
and resonances as UrQMD. Since our EoS assumes zero
strangeness density, we impose this constraint as well,
even if UrQMD itself allows local non-zero strangeness.
In practice, this means solving the following coupled
equations to find the temperature T , baryon chemical
potential µB and strangeness chemical potential µS :
LRF =
∑
p
gp
(2pi)3
∫
d3k
√
k2 +m2
e(
√
k2+m2p−µBBp−µSSp)/T ± 1
(4)
nLRFB =
∑
p
gpBp
(2pi)3
∫
d3k
e(
√
k2+m2p−µBBp−µSSp)/T ± 1
(5)
nLRFS =
∑
p
gpSp
(2pi)3
∫
d3k
e(
√
k2+m2p−µBBp−µSSp)/T ± 1
(6)
Here LRF = T
00 is the energy density in LRF, nLRFB is
the baryon density in LRF, ns is the strangeness density,
and the sum runs over all hadron species that appear in
UrQMD; mp is the mass of a hadron p, gp is its spin and
isospin degeneracy factor, and Bp and Sp are its baryon
number and strangeness, respectively.
D. Cooper-Frye and ”by particles” calculations
After the hypersurface of constant LRF energy density
Σ is obtained and T and µ are evaluated using the EoS,
the Cooper-Frye formula is applied on the hypersurface.
The spectrum from the Cooper-Frye formula is split into
positive and negative parts:
dN+CF
pT dpT dϕdy
=
g
(2pi)3
∫
σ
Θ(pµdσµ) p
µdσµ
e(pνuν−µ)/T ± 1 (7)
dN−CF
pT dpT dϕdy
=
−g
(2pi)3
∫
σ
Θ(−pµdσµ) pµdσµ
e(pνuν−µ)/T ± 1 (8)
To evaluate dN/dy or dN/pT dpT the integrations are per-
formed numerically, applying the 36×36 points Gauss-
Legendre method to integrals transformed to finite lim-
its.
For comparison with the Cooper-Frye calculation we
count the actual microscopic (not marker) particles cross-
ing the same hypersurface Σ that is used for Cooper-Frye
calculations. Inward and outward crossings are counted
separately. To find the point, where a particle trajectory
crosses Σ we use the fact that by construction the energy
density  > c inside the surface and  < c outside of it.
The energy density is interpolated to the particle trajec-
tory to find the point where  − c changes sign. Each
of these crossings is counted as positive, if the particle
streams outward and negative, if the particle flies toward
higher energy densities.
Both Cooper-Frye calculation and particle counting
start at the same time tstart, which depends on the colli-
sion energy. Following the prescription from hybrid mod-
els, we take tstart =
2R
vγ . This is the time two nuclei need
to pass through each other. Numerical values are 8 fm/c
for 5A GeV, 5.6 fm/c for 10A GeV, 4 fm/c for 20A GeV,
2.8 fm/c for 40A GeV, 2 fm/c for 80A GeV and 1.4 fm/c
for 160A GeV. The same tstart is used for all centralities.
III. SENSITIVITY TO INTERNAL
PARAMETERS AND FULFILLMENT OF
CONSERVATION LAWS
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Figure 1. Sensitivity of results to internal parameters of
the simulation: grid spacing along z axis, dz (a), number
of events, N (b) and the width σ of Gaussian smearing (c).
Besides physical parameters like the beam energy, Elab,
and centrality of the collision controlled by the impact
parameter b, our simulation contains internal parameters
like grid spacing, the width of the smearing Gaussian σ,
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Figure 2. (Color online) Energy flux through the surface at different times evaluated as actual flow, ∆E1(t)/dt =∫ t
t−dt T
µ0dσµ/dt (circles), and as a difference in energy within the surface at different times, ∆E2(t)/dt = (Ein(t)−Ein(t−dt))/dt
(rectangles). Lower panel shows the relative difference between these two measures in %, and thus the conservation of energy
in the calculation.
and the number of events N . Ideally, we should work in
such a region of internal parameters, that our results are
independent of them. To see how sensitive our results are
to these internal parameters, the positive and negative
contributions to the pion yield at midrapidity, dNdy |y=0,
at different values of these parameters are evaluated.
The calculation is more sensitive to the grid spacing in
z direction, dz, than to the spacings in x and y directions,
dx and dy, since gradients of Tµν are largest in the longi-
tudinal direction. Although, as shown in Fig. 1 a), even
the sensitivity to dz is weak over a reasonable range of
values. The main motivation for choosing the grid spac-
ing and time step comes in fact from the requirement of
energy conservation discussed later.
The results are very sensitive to the small number of
events (see Fig. 1 b), but already N = 500 events pro-
vides sufficient statistics for stable results. To be on the
safe side, we have analyzed N = 1500 events for our final
results. Unfortunately, our results are not completely
independent of the width σ of the Gaussian smearing,
as shown on Fig. 1 c). The number of inward crossing
UrQMD pions is most sensitive to σ. Two effects play
a role here: at small σ the surface still has large sta-
tistical fluctuations and small scale structures, “lumps”
(See Fig. 2 of Ref [18]), whereas at large σ Gaussian
smearing pushes transition surface further out in space.
Further out the densities are smaller, and the UrQMD
particle distributions are further away from equilibrium
so that especially the number of particles moving toward
the center is strongly reduced. We choose σ = 1 fm
as a reasonable value for our calculations, but keep in
mind that varying σ in the range from 0.6 fm to 1.4 fm
causes ∼ 20 % difference in the number of inward cross-
ings. We consider this a systematic error in our analysis,
but fortunately this uncertainty does not affect our main
conclusions.
To check that energy is conserved in the coarse-
graining procedure, we evaluate the energy flow through
the surface during the time step dt, ∆E1(t) =∫ t
t−dt T
µ0dσµ, and compare it to the change in energy
within the surface during the same time step, ∆E2(t) =
Ein(t) − Ein(t − dt), where Ein is total energy of par-
ticles inside the surface. Ideally ∆E1(t) = ∆E2(t) for
any dt, but finite cell sizes limit the precision and break
the conservation of energy. The accuracy of ∆E1 ≈ ∆E2
improves when grid spacing and time step are decreased.
Fig. 2 shows the energy flux through the surface and the
relative difference between ∆E1(t) and ∆E2(t) in central
collisions at energies Elab = 10, 40, 160AGeV. To achieve
better than 5% percent accuracy at all times, we use
small grid spacing with ∆x = ∆y = 1 fm, ∆z = 0.3 fm,
and time step ∆t= 0.1 fm/c in collisions with Elab ≤ 80A
GeV, and even finer grid with ∆x = ∆y = 0.3 fm, and
∆z = 0.1 fm for collisions at Elab = 160A GeV. When
integrated over the whole collision time, the violation of
energy conservation is less than 1% at all collision ener-
gies. We have done a similar check for the net baryon
charge, and obtained similar results.
IV. RESULTS AND DISCUSSION
Let us start by investigating the properties of the tran-
sition hypersurface itself as a function of beam energy.
Figure 3 depicts the surface Σ in longitudinal direction
along the x axis. We see that with increasing energy, the
lifetime of the system increases. This indicates longer
lasting surface emission (from space-like parts of the sur-
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Figure 3. (Color online) Upper panel: Hypersurface of con-
stant LRF energy density (t, 0, 0, z) = c = 0.3 GeV/fm
3.
Lower panel: The fraction of hypersurface elements with (ap-
parent) temperature T in central Au+Au collisions at the
collision energy of Elab = 5, 10, 20, 40, 80, 160A GeV.
face), which might lead to larger negative contributions.
On the other hand, with increasing energy the longitudi-
nal expansion leads to larger volume of the final volume
emission (from time-like parts of the surface), which indi-
cates smaller negative contributions. Thus we have two
competing effects, and one has to carry out the actual
calculation to find out how the negative contributions
depend on energy.
Distributions of the (apparent) temperature of the
hypersurface elements are shown on the right panel of
Fig. 3. At each collision energy temperature distribution
is rather narrow, which means that constant energy den-
sity surface approximately coincides with constant tem-
perature surface. As well, the average temperature in-
creases with increasing collision energy as expected from
thermal model fits to particle yields [19].
In Fig. 4 we compare rapidity spectra of identified par-
ticles in Elab = 40A GeV Au+Au collisions obtained by
Cooper-Frye calculation and by counting of the micro-
scopic particles. Even though, we are showing the re-
sults only for one collision energy, all results are qualita-
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Figure 4. (Color online) Rapidity distribution of identified
particles obtained from Cooper-Frye formula on the surface
Σ and from explicit counting of particles that cross the same
surface. Positive contributions and the net distribution, i.e.,
positive-negative, are shown separately. Elab = 40A GeV,
central Au+Au collisions.
tively the same at all other energies. If UrQMD is close
to equilibrium on a surface at c = 0.3 GeV/fm
3, both
approaches should yield similar distributions. At midra-
pidity this is the case for nucleons, and with a lesser
accuracy for kaons. ∆’s, Λ’s, ρ’s and η’s which are not
shown in the figure depict a behavior similar to nucle-
ons. However, the pion yields are wildly different indi-
cating that pions are—and thus the entire system is—
far away from chemical equilibrium at least. To cancel
the effect of non-equilibrium and to make the differences
in momentum distributions visible we consider not the
absolute value of the negative contributions, but the ra-
7tio of negative to positive ones, (dN−/dy)/(dN+/dy) or
(dN−/dpT )/(dN+/dpT ). From Fig. 4 it is also appar-
ent that the magnitude of the negative contributions is
always small compared to the positive ones as expected.
Cooper-Frye πK+
ρ
N
Δ
E = 40A GeV, b=0 fm
(dN
- /d
y)/
(dN
+ /d
y) 
[%
]
0
10
y-3 -2 -1 1 2 3
Figure 5. (Color online) Rapidity distribution of the ratio of
negative to positive contributions for different hadron species:
pions (circles), K+ (crosses), ρ (bars), nucleons (rectangles),
and deltas (triangles). Cooper-Frye calculation in central
Au+Au collisions at Elab = 40A GeV.
The dependence of the ratio (dN−/dy)/(dN+/dy) on
the hadron type is illustrated in Fig. 5 by the Cooper-
Frye results. Since for all cases, the microscopic nega-
tive contributions of backstreaming particles are much
smaller than the Cooper-Frye ones we concentrate on
showing the maximal effect. Surface temperature and
velocity profiles are identical for all hadrons, so the plot
demonstrates first of all the effect of particle mass. One
can see that the average value of (dN−/dy)/(dN+/dy)
decreases with particle mass. This can be understood
by considering a small volume of fluid in its rest frame,
and a space-like surface moving through it with a veloc-
ity 0 < vsurf < c so that lower density, i.e., outside, is in
the negative direction. To be counted as a negative con-
tribution, a particle must enter the fluid, and thus have
a larger velocity than the surface. Average thermal ve-
locity decreases with increasing mass, and therefore the
heavier the particle, the fewer of them cross the surface
inward. Since relative negative contributions for pions
are several times larger than for other hadrons we will
consider only pions in the following.
As could be seen in Fig. 4, imposing equilibrium for
Cooper-Frye calculation leads to significantly larger neg-
ative to positive contribution ratio at midrapidity than
the counting of UrQMD particles. As shown in Fig. 6
this holds for all the energies we have considered, show-
ing that the system is out of not only chemical, but also
of kinetic equilibrium. Either the collective flow veloc-
ity of pions is different from the collective velocity of
(dN-/dy)/(dN+/dy) @ |y| < 0.05
Cooper-Frye
by particles
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Figure 6. (Color online) The ratio of negative to positive
contributions on the (t, x, y, z) = c = 0.3 GeV/fm
3 surface
for pions at midrapidity in central Au+Au collisions at vari-
ous collision energies. Circles depict Cooper-Frye result and
rectangles the explicit counting of UrQMD particles.
other particles [20, 21] or the dissipative corrections to
pion distribution are very large. We have also checked
that the relative microscopic negative contributions are
much smaller in UrQMD at all centralities, for all parti-
cle species, and on isosurfaces of energy density c = 0.3
and 0.6 GeV/fm3.
On the other hand, the trend as a function of collision
energy in Cooper-Frye and UrQMD calculations is the
same: both curves have a maximum at 10-20A GeV and
then decrease with increasing energy. This behavior is a
result of a complicated interplay of several factors: tem-
perature, relative velocities between surface and fluid,
and relative amounts of volume and surface emission, i.e.,
emission from the time- and space-like parts of the sur-
face. To gain some insight we consider all these factors
separately. The same argument used to explain the sensi-
tivity of negative contributions to particle mass, explains
why larger temperature leads to larger negative contri-
butions. Temperature on the constant density surface
grows with increasing collision energy (see Fig. 3), which
would lead one to expect an increase of negative contri-
butions with increasing collision energy. On the other
hand, larger relative velocity between the fluid and sur-
face reduces the negative contributions (again the same
argument), and we see that the average relative veloc-
ity increases with increasing collision energy. Finally, as
argued when discussing Fig. 3, we have seen that the
larger the collision energy, the larger the fraction of vol-
ume emission. Which, as mentioned, reduces the nega-
tive contributions.
It is instructive to evaluate the negative contributions
as function of transverse momentum pT as well, as shown
in Fig. 7 for Cooper-Frye calculation and ”by particles”.
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Figure 7. (Color online) The ratio of negative to positive
pion contributions as a function of transverse momentum at
midrapidity in central Au+Au collisions at Elab = 5, 10, 20,
40, 80A GeV.
One can see that the largest negative contributions are
located at small pT , which means that one can reduce the
uncertainty caused by the negative contributions by a low
pT cut. Also as a function of transverse momentum, the
amount of microscopically backward streaming particles
is much smaller than in an equilibrium scenario.
When discussing Fig. 6 we mentioned that, indepen-
dent of the energy density of the surface, the nega-
tive contributions are much smaller when counting the
UrQMD particles. Furthermore, in Cooper-Frye calcula-
tions the strength of the negative contributions depends
on the value of c where the distributions are evaluated
as shown in Fig. 8. Larger c leads to larger negative
contribution at midrapidity and lower at back- and for-
ward rapidities. This result arises from interplay of two
factors: larger temperature and smaller average vrel for
larger energy density. Quite surprisingly the negative
contributions evaluated by counting the UrQMD parti-
cles is almost independent of the value of c. This indi-
cates that even in much higher temperature T ∼ 155–160
MeV the microscopic system is not fully thermalised.
Dependence of the contribution ratio on centrality is
shown in Fig. 9. The negative contributions decrease
with decreasing centrality because the more peripheral
the collision, the larger the fraction of time-like hyper-
surface elements. This behavior is illustrated in the right
panel of Fig. 9. In the limit of very peripheral collisions
the lifetime of the system becomes zero, and thus the
surface is time-like everywhere and there are no negative
contributions at all. Temperature and relative veloci-
ties appear to be less important factors in this case than
relative amount of time-like and space-like hypersurface
elements.
Let us finally compare our results to previous stud-
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Figure 8. (Color online) Rapidity distribution of the ratio of
negative to positive contributions for pions on (t, x, y, z) =
c = 0.3 GeV/fm
3 (circles) and c = 0.6 GeV/fm
3 (crosses)
surfaces in central Au+Au collisions at Elab = 40 A GeV.
Full symbols correspond to Cooper-Frye calculation and open
symbols to explicit counting of UrQMD particles.
ies. In [12] negative contributions were evaluated on the
 = 0.3 GeV/fm3 transition surface of a hybrid model
at SPS and RHIC energies—Elab = 160A GeV and√
sNN = 200 GeV, respectively—and found to be around
(dN−pi /dy)/(dN
+
pi /dy) ' 13% and 9% at y = 0. The
negative contributions for 160A GeV are slightly larger
than in our calculation. The reason for this discrepancy
lies in the difference of the velocity profiles on the hy-
persurfaces: In hydrodynamics the average relative ve-
locity between flow and surface is smaller than in our
transport-based approach, which leads to larger negative
contributions.
V. CONCLUSIONS
We have investigated negative Cooper-Frye contribu-
tions and backscattering using a coarse-grained molecu-
lar dynamics approach. Au+Au collisions at Elab = 5–
160 A GeV energies have been simulated using UrQMD,
and a hypersurface Σ of constant Landau rest frame en-
ergy density has been constructed. On this surface we
have calculated two quantities: The ratio of Cooper-Frye
negative to positive contributions, which assumes local
thermal equilibrium, and the ratio of UrQMD particles
crossing Σ inward to crossing Σ outward, which assumes
no equilibrium.
We found that at all collision energies the ratio of in-
ward to outward moving particles calculated counting the
UrQMD particles is much smaller than the same ratio
calculated assuming equilibrium, i.e., the Cooper-Frye
negative to positive ratio. This finding poses a question
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Figure 9. (Color online) Upper panel: Rapidity distribution
of the ratio of negative to positive contributions for pions in
Au+Au collisions at Elab = 40 A GeV at various centralities:
b = 0 (circles), b = 6 fm (crosses) and b = 12 fm (rectangles).
Lower panel: hypersurfaces along the z axis in the same col-
lisions at the same centralities.
to the construction of hybrid models, and the treatment
of freeze-out in hydrodynamical models: If the cascade
leads to distributions nowhere near equilibrium, how are
the hydrodynamical and cascade stages to be connected
in a consistent fashion? On the other hand, this result
shows that an ideal fluid dynamics hybrid approach con-
tains the worst case scenario for negative contributions
and even then they are on the order of max. 15% for
the pion yield at midrapidity. What remains to be seen,
however, is whether we could get closer to the UrQMD
result if we allowed dissipative corrections to the distribu-
tion function of Cooper-Frye, or whether the deviations
from equilibrium are so large that dissipative expansion
is not feasible.
The largest observed impact of negative contributions
is to pion rapidity spectrum at midrapidity in central
collisions. In thermally equilibrated Cooper-Frye calcula-
tions it constitutes 8–13%, but only 0.5–4% in the count-
ing of UrQMD particles. The Cooper-Frye value roughly
agrees with the values obtained previously for hydrody-
namics at 160 GeV. We found several systematic features
in these ratios. They are smaller for larger hadron mass
and therefore largest for pions. The relative negative
contributions decrease as a function of collision energy
and by going from central to peripheral collisions. On
the other hand, they increase if a higher energy density
is chosen as a surface criterion. The small scale struc-
tures on the surface, its “lumpiness”, play a significant
role: If the surface is not smooth enough both ratios can
increase dramatically. Therefore, an interesting future
study could be to compare single fluctuating events to
the averaged result.
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